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ABSTRACT 

The solidification of a binary alloy in a remelting 

process is considered. The temperature distribution in 

an ingot in quasi-steady state in a externally cooled 

cylindrical mold is determined, from which the liquidus, 

mushy and solidus regions are found. Normal non-equilib- 

rium solidification is assumed. Curves are presented 

for aluminum -4.5% copper alloy system. 
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NOMENCLATURE 

Roman l e t t e r s  

constant  a 

cS average concent ra t ion  of s o l u t e  i n  
s o l i d  weight percent  

cL average concent ra t ion  of s o l u t e  i n  
l i q u i d  weight percent  

s p e c i f i c  hea t  of  s o l i d  (cal/gr°C) 

s p e c i f i c  h e a t  of l i q u i d  ( cal/gr°C) 

s p e c i f i c  h e a t  and expression 
defined i n  eq. (19)  (ca1/groc) 

S C 

cL 

C 

s p e c i f i c  h e a t  of water (cal/groC) cW 

DW 

m 

9 

d 

d 

dS 

c ruc ib l e  channel width ( c m )  

mold thickness  ( c m )  

gap thickness  ( c m )  

s l a g  s k i n  th ickness  ( c m )  

fS  f r a c t i o n  of s o l i d  

f L  f r a c t i o n  of l i q u i d  

yr enthalpy of t h e  a l l o y  ( c a l / g r )  

HS enthalpy of t h e  s o l i d  phase 
( ca l /g r )  

enthalpy of t h e  components of t h e  s o l i d  
phase, s o l u t e  and so lvent  ( c a l / g r )  

HL enthalpy of t h e  l i q u i d  phase 
( c a V g r )  

' H I '  
H L '  L 

entha1,py of t h e  components of t h e  l i q u i d  
phase, s o l u t e  and so lvent  ( c a l / g r )  

t o t a l  hea t  t r a n s f e r  ( ca l / sec  cm20C) 
c o e f f i c i e n t  

h 
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h' 

hW 

%L 

K 

K1 

K 2  
k 

kS 

kL 

k 
9 

m k 

L m 

R 

r 

r' 

T 

TM 

TL 

total heat transfer coefficient 
including radiation 
effects (cal/sec cm C )  

2 0  

2 0  mold to water convection 
factor (cal/sec cm C )  

heat of mixing in the solid 
(cal/gr) 

heat of mixing in the liquid 
(cal/gr) 

scale constant 
2 I 

parameter equal to RU (cm /sec) I 

0 I parameter equal to RH (cal/sec cm c )  I max I 

thermal conductivity (cal/sec cm C )  I I 

I 

0 I 

solid thermal conductivity 

liquid thermal conductivity 

0 (cal/sec cm C )  

(cal/sec cm C )  0 

thermal conductivity in the 
gap between mold and ingot 

0 (cal/sec cm C )  

0 
thermal conductivity of the 
mold (cal/sec cm c) 
slope of the liquidus line 

radius of the ingot (cm) 

radial coordinate dimensionless 

radial coordinate ( cm) 

temperature (OC) 

of pure solvent (OC)  

alloy (OC)  

melting point temperature 

liquidus temperature of 
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T 
S 

T 
s l a g  

TW 

t 

U 

T V 

S 
V 

L V 

vW 

X 

Z 

Z' 

I 

S 

L 

Z 

Z 

Z 

Greek letters 

E 

PW 
8 

P 

solid line (or eutectic) ( O C )  
temper a tur e 

center of surface in contact with slag ( C )  
the maximum temperature of ingot at 0 

cooling water temperature ( O C )  

time 

speed of progress of the melt 
(cm/sec) 

specific volume of the alloy 
(cm /gr) 

specific volume of the solid 
phase (cm /gr) 

specific volume of the liquid3 

water velocity in mold (cm/sec) 

phase (cm /gr) 

transformed z coordinate 

axial coordinate dimensionless 

axial coordinate (cm) 

length of the ingot dimensionless 

depth of the solid line dimensionless 

depth of the liquid line dimensionless 

interchange factor for radiation 

viscosity of water (gr/sec cm) 

Transform of the temperature 
defined in eq. (17) 

density of the alloy ( gr/cm3) 

density of the water ( gr/cm3) 
2 O  4 

Stefan-Boltzman constant (cal/sec cm C ) 



INTRODUCTION 

The solidification of a binary alloy, such as alum- 

inum -4.5% copper, is considered in the electroslag 

remelting process. This process is closely related to 

the continuous casting process, but differs in that the 

velocity of growth of the ingot is not of such a magni- 

tude greater than the velocity of the solidifying front 

to allow the heat transfer to be treated as one dimensional. 

Also since alloy solidification is considered, a third 

region, "the mushy zone", is introduced, in addition to 

the solid and liquid regions. 

The solidification of a pure metal in vaccum arc 

melting for two dimensional transient heat flow using an 

explicit finite difference numerical method was considered 

by Manior and Pierce (1). Wood (2) proposed semi-analy- 

tically derived expressions for the shape of the solid- 

liquid interface for the same case. A study of the thermal 

equilibrium associated with the process is given by Rossin 

(3). Experimental studies to determine the shape of the 

liquid pool have been made by Bungardt and Tromel (4) and 

by Beall, et. al. (5) ( 6 ) .  Recently Patel and Boley (7) did 

an analytical study which included imperfect mold contact. 

Alloy solidification studies from the heat transfer 

point of view have been made by Tien (8), Tien and Geiger 

( 9 )  (10) and by Koump, Tien and Kim (11). The process of 

electroslag remelting is described by Bhat (12). 
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STATEMENT O F  PROBLEM 

r 

. 
The electroslag remelt process consists of an elect- 

rode, of any size and shape, melted into a water cooled 

crucible. The liquid metal that forms at the top of the 

electrode falls to the bottom of the crucible and feeds 

a growing ingot. The electric current flows between the 

electrode and the crucible through a molten flux or slag, 

which always remains at the top of the ingot, covering 

part of the electrode. The slag excludes the outer atmos- 

phere from the liquid metal, and also aids in refining 

the metal. Heat is withdrawn by a water cooled crucible. 

The rate of heat production and slag temperature determine 

the solidification process. A fast rate of melting will 

cause a deeper liquid pool in the ingot which will in 

turn tend to produce radially oriented grain-growth, 

while a slow melting rate produces grains which are more 

axially oriented. 

Bungardt and Tromel (4) and Clites and Beall (13) 

show from experimental work in vacuum-arc melting that 

the liquid pool shape remains fairly constant after the 

ingot length is more than one diameter. This should 

also be the case for electroslag remelting where the heat 

of dissipation is more uniform and stable. 

In the ingot the latent heat of solidification is 

released in a mushy zone between the liquid and solid 

regions, since solidification takes place in a definite 
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range of temperatures. 

The object here is to determine from the temperature 

distribution in a cylindrical ingot the shape of the 

respective zones when the process reaches a quasi-steady 

state condition. 

PROPERTIES 

The liquid and solid phases of a binary alloy can 

coexist in equilibrium at different temperatures depending 

on the composition of the phases and, in general, the 

portion of solid just frozen has a different composition 

than the liquid from which it came. This affects the 

concentration in both the remaining liquid and solid, and 

requires that a different value of temperature of equil- 

ibrium be maintained. 

For phase diagrams with linear solidus and liquidus 

lines, the solid fraction fS for the "normal non-equil- 

ibrium solidification" is shown by Pfann (14) to be: 

is a constant in 

Note that when T equals TS,  fS is still 
S/CL' 

The equilibrium partition ratio, C 

this case. 

positive, and equation (1) is no longer valid. The remain- 

ing liquid solidifies isothermally since its composition 

is the eutectic, and thus a discontinuity occurs in the 

heat release. 
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Dendritic growth will be assumed in the mushy zone. 

The dendrites can be considered as extending from the 

solid to the liquid phase (11) (15) (16) . The temperature 

at the top of the dendrite is the liquidus one correspon- 

ding to the alloy and the temperature in the base is that 

of the eutectic. 

Most of the data for alloys reported in the literature 

is for the solid state and then only for a discreet number 

of compositions. The properties of specific volume and 

specific heat of an alloy and its composition approaches 

linearity closely enough so that these properties can be 

calculated directly from the contribution of the compon- 

ents. The following equations were constructed from data 

given in references ( 1 7 ) ,  (18) and ( 1 9 ) .  For the specific 

volume of aluminum 

V = 0.3706 + 0.39 10-4(~-25) 
'A1 

For the specific volume of copper 

= 0.1161 + 0.0416 - 10-4(t-25) 
cu vS 

V = 0.1216 

The alloy specific volume is then calculated from 

v = v  - T A l  cu) ccu V 

The specific heats of aluminum can be given as 
-4 

CC = 0.215 + 2(0.551 10 ) (T-25) 
A 1  3 
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C = 0.259 
LA 1 

The specific heats of copper are 

C = 0.092 + 2!0.1087 (T-25) 
scu 

C = 0.118 

(Eq. 9)  

The specific heat of the alloy can be calculated as the 

derivative of the enthalpy of the alloy with respect to 

the temperature. The enthalpy is determined by adding 

the contributions of the components, the heat of mixing 

and the possible heats of transformation. 

Kubashewsky and Catterall (20) give, for up to 33 

per cent by weight of copper, the heat of mixing, H 

of the liquids as 
ML’ 

- W OON,-- 
L U  

%L = 65.34 N + 26.98(1-NCU) cu 
26.98CL 

- - 
NCu 26.98 cL + 63.54(1-CL) 

The heat of mixing of the solid phases can be consid- 

ered as a constant. Solid state transformations need not 

be considered as the transformations are suppressed at 

these cooling rates. The latent heat of fusion of alum- 

inum is taken as 94.6 cal/gr at 660.2 degrees Celsius 

and for copper, 50.6 at 1083 degrees. 

The thermal conductivity of the alloy can not be 

calculated easily from the corresponding values of its 

components, so extrapolation for the different concen- 

trations and temperatures were made from references (18), 

( 1 9 ) ,  (20) and (21). The expression used is 
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. 

k = 0 .56  + ( -2 .27  + 4.67 Cs)Cs - 0 . 1 2 6 1  1 0 - 3 ( ~ - 2 5 )  

(Eq. 1 3 )  

and is plotted in Figure 1. 

dendritic growth in the mushy zone, the phases can be 

considered as resistances in parallel with respect to heat 

flow, so the overall thermal conductivity for each fraction 

of the solid present is given as 

Because of the assumption of 

k = f k + (1 - fSlkL (Eq. 14) s s  

GOVERNING EQUATIONS 

The shape of the interfaces between the liquid, mushy 

and solid zone can be determined from the temperature 

distribution since definite values of the temperature are 

associated with them. The Fourier equation of heat 

conduction 

V-(kVT) = i)T (Eq. 1 5 )  

becomes, when symmetry about the axial direction is assumed, 

f T  where 
k(T) dT 

(Eq. 16) 

(K is a constant of proportionality and T is a reference 

temper a tur e ) 

r 

and, as shown in Figure 2 ,  

1 
R z = - (Z' - ut) 



7 

0 a, (D - 
d cu 

0 
0 
a, 

0 
0 
(D 

0 
0 

W 
(r: 

o =  
* a  

W a 
5 
W 
I- 

O %  

O 
0 cu 

0 
0 

6 
rl 
rl 
rd 



8 

u It 

2 '  

a 
\ 
c 
c 
3 
I 
N 

II 
N 

- 
Y 

SIDE OF 

TOP OF THE INGOT 
/ 

THE INGOT / 
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ingot. 
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Note that U, the velocity of ingot growth, is a negative 

value. In equation (16) 

c = - -  dHT + (Hs-HL) dT dfS (Eq. 19) dT UI 

where HT = fS(T) - HS(T) + [l-fS(Tq HL(T) 

HS = C H '  + (1-C )HE + Ss(T) 

HL C H' + (l-CL)Hi + SL(T) 

s s  

L L  

Eq. 20) 

Eq. 21) 

Eq. 22) 

(Eq. 23) - -  dCS d%s - c c' + (l-cs 
dHS + -  )c" + ( H i  - Hi) - dT dT dT s s  

Assuming that the solidus and liquidus lines are straight 

lines, then 

( l-fs) 
fS fS L C (Eq. 25) CL = (TM - T)mL and Cs = - cO - 

and its derivative with respect to temperature is 

CL'CS dfS 1-fS dCL 
- -  - - - -  dCS - 

dT f dT 
fS S 

dT 

Use of Equations (23), (24), (25), along with (11) 

and (2) permit the evaluation of the derivative of the 

total enthalpy, equation (19). 

BOUNDARY CONDITIONS 

At the lateral side of the ingot, r=l, the boundary 

condition is 

-k - aT - - Rh(T-Tw) 
ar 
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where the thermal conductivity, k, of the ingot is eval- 

uated at t.he ingot surface temperature, T at r=l. 

The total heat transfer coefficient, h'is not cons- 

tant, and must be evaluated, neglecting radiation and 

convection in the gap between the solidified part of 

the ingot and mold, by the expression 
d d ds -1 

+ A + - g + - )  
kS W km g 

k h' = (h 

where 
0.8 cw& 0.33 
(k 1 
W 

A representative value for d is one centimeter and m 
for a copper mold, k is taken as 0.88 at 40OoC. The m 
thickness of the gap d is of the order of cm in 

continuous casting processes ( 2 2 ) .  The thermal conduct- 
53 

ivity of air, k 

The ratio is in the order of 10 considering slag con- 

in the gap is 0.14 x lom3 at 50OoC. 
g' 

dS 
_ _  
S 

ductivities of 

To calculate the heat transfer coefficient, h, 

including radiation inside the gap, the relation derived 

by Irving ( 2 2 )  is 

The emissivity,€, is taken to be 0.5. 

The function h versus distance, z ,  along the lateral 

sides of the ingot (r=l) used in the analysis is shown on 



11 

figure 3. It is assumed that the gap starts forming at 

temperature, TS, and from there on an exponential decrease 

of h with ( Z  - z s )  is considered which corresponds more 

or less with the exponential growth of the gap and which 

approximates the trend found by Cliff and Dain (23) in 

their work for continuous casting. 

The boundary condition at the bottom of the ingot, 

at z = z -Ut where zo is the initial length of the ingot 

is 
0 

dT -k - = Rh(T-Tw) az 

for the initial transient condition, and which degenerates 

to T = Tw as the 

state condition. 

A parabolic 

uniformly inside 

T = T  - 
slag 

ingot grows and reaches the quasi-steady 

temperature distribution for heat generated 

a cylinder, 
2 - TLh- (Eq. 3 2 )  slag (T 

can be applied at the top of the ingot ( z  = 0). A more 

precise boundary condition would require an investigation 

of the electric current distribution in the slag. 

The temperature at r=l, z=O is taken as the liquidus 

A lower value would imply a non-iiniform TL - temper a tur e, 

growth, while a higher one would require a shifting of the 

coordinate system to place TL at the origin, and a modif- 

ication of the heat transfer coefficient, h, on the lateral 

side of the ingot. 
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SOLUTION OF EQUATIONS 

An analytical solution was impratical so  a finite 

difference solution was used, the complete details of 

which are given in reference (24). An important feature 

of this solution is the introduction of a new transformation 

of independent variables to extend the region corres- 

ponding to the upper portion of the ingot so that a sig- 

nificant number of mesh points are included in the 

mushy zone without the necessity of using too small a 

mesh size. This transformation is of the form 

-az 
x = e  (Eq. 3 3 )  

where a is an appropriately chosen constant. The Alter- 

nating Direct Implicit (ADI) method of Peaceman and 

Rachford ( 2 5 ) ,  was used for the numerical computer 

solution. The quasi-steady state was reached by iter- 

ations on the transient finite difference equations. The 

ingot lengths were one diameter or less when quasi-steady 

state was reached. Since the transient temperature 

distribution is highly dependent on initial temperature 

distribution, the resuits of the transient condition are 

not of significant value from which to draw any conclusions. 

In the quasi-steady state condition, two significant 

parameters are 
2 K1 = RU (cm /sec) 

K2 - Rhmax - (cal/sec cm°C) 
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The overall heat transfer coefficient, h, at the 

boundary, r=1, will depend on the particular config- 

uration of the mold. 

0.04 and h,= 0.0167 (see figure 3 )  is used here. The 

numerical values used for K 
2 

hmax 

- A representative value of hmax - 

are such that along with 

= 0.04 the ingots are of radius 4, 6, 12, and 24 cm. 

For the quasi-steady state condition, which corres- 

ponds to an ingot of infinite length, figures 4 to 15 

show the shape of the solid and liquid lines determined 

from the temperature distribution in the ingot for various 

values of K1 and K 2 ,  where the slag temperature is 

assumed to be 644OC, 664OC and 684OC, which correspond 

t o  the liquidus temperature of the alloy, 2OoC and 40°C 

superheat, respectively. 

Figure 16 shows Q,, the heat flow distribution at 

the boundary, r=1, as a function of z for various values 

of U, for the quasi-steady condition. 
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Figure 11 - Solid and liquid interfaces, z and zL, S in quasi-steady state. 
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Figure 1 3  -.I Sol id  and l i q u i d  i n t e r f a c e s ,  z s  and zL, 
i n  quasi-steady s t a t e .  
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CONCLUSIONS 

The results show that the influence of superheating 

on the shape of the mushy zone is not too severe after some 

superheating exists. This is a favorable factor since 

the values of T are difficult to determine precisely. slag 
A direct comparison with experimental data was not 

possible due to the lack of information in the literature 

on the location of the mushy zone in a cylindrical ingot. 

Qualitatively the results agree with experimental 

evidence concerning the shape of the liquid pool (an 

inverted bell-shape), with the strong dependence of the 

depth of the pool with the velocity of melting, and with 

the heat flux distribution to the cooling water. 

Figure 17 shows a typical comparison of the shapes of 

the mushy zone in which the heat release distribution is 

calculated by the linear heat release model, the parabolic 

heat release model and the normal non-equilibrium model. 
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